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ABSTRACT
We supplement the recently found dual gravitational charges with dual charges for the
whole BMS symmetry algebra. Furthermore, we extend the dual charges away from null
infinity, defining subleading dual charges. These subleading dual charges complement the
subleading BMS charges in the literature and together account for all the Newman-Penrose
charges.
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1 Introduction
In recent work [1, 2], undertaken with the aim of providing a clear and explicit relation
between the asymptotic BMS symmetry and gravitational charges of asymptotically flat
spacetimes, we generalised the notion of BMS charges, as defined by Barnich and Troessaert
[3], in two complementary ways. The Barnich-Troessaert BMS charges are derived from the
general prescription of Barnich-Brandt [4] for defining asymptotic charges 1, which in this
case turns out to be given by the integral of the Hodge dual of a 2-form H over a 2-sphere
at null infinity: 2
δ/Q0[ξ, g, δg] = 1
8πG
lim
r→∞
∫
S
⋆H[ξ, g, δg], (1.1)
where ξ is the asymptotic symmetry generator, g is the background metric and δg is its vari-
ation. The variation symbol δ/ denotes the fact that the charge is not necessarily integrable.
This is generally due to gravitational flux at null infinity.
In Ref. [1], we extended the notion of BMS charges by defining subleading BMS charges
as a 1/r expansion of the general prescription of Barnich-Brandt [4], so that 3
δ/Q = δ/Q0 + δ/Q1
r
+
δ/Q2
r2
+
δ/Q3
r3
+ . . . , (1.2)
and we showed that the O(1/r3) term gives five of the ten non-linear Newman-Penrose (NP)
charges [9]. Writing these charges in the Newman-Penrose formalism [10], we found that
these five components, derived from the generalised BMS charge, correspond in some sense
to the real part of the NP charges. An obvious question, then, is how do the other five
imaginary parts of the NP charges fit into this understanding of generalised BMS charges?
In Ref. [2], inspired by the situation for electromagnetism [11, 12], which allows for
electric as well as magnetic charges, we defined new dual gravitational charges, associated
with supertranslations, as the integral of the Barnich-Brandt 2-form H itself (as opposed
to its dual):
δ/Q˜0[ξ, g, δg] = 1
8πG
lim
r→∞
∫
S
H[ξ, g, δg]. (1.3)
Together, δ/Q0 and δ/Q˜0 can be viewed as the real and imaginary parts of a leading-order
supertranslation charge, which can succinctly be written in terms of the leading-order terms
1There exists an equivalent formalism for defining asymptotic charges, developed by Wald and collabo-
rators [5,6]. Here, we shall continue to work in the framework of the Barnich-Brandt formalism.
2For an explicit expression for H , see equation (3.3).
3In principle, assuming analyticity, the tower of charges is infinite, with a charge at each order in the 1/r
expansion. However, for physical reasons the metric expansion may only be analytic up to a certain order
in 1/r (see e.g. Refs. [7, 8]). The tower of BMS charges will then naturally truncate at some corresponding
order.
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in a 1/r expansion of the Newman-Penrose scalar Ψ2, which is a certain null-frame com-
ponent of the Weyl tensor, and σ, which parametrises the shear of the null congruence
of ℓ = ∂/∂r. Thus, there is an attractive correspondence between, on the one hand, the
real and imaginary parts of charges written in the complex Newman-Penrose formalism,
and on the other hand “electric” and “magnetic” (or “dual”) BMS charges defined a` la
Barnich-Brandt.
In this paper, we shall address the problem of generalising the dual charge δ/Q˜0 of
Ref. [2] to a tower of dual BMS charges (both SL(2,C) and supertranslation charges) as
a series in powers of 1/r, in the same manner as the Barnich-Troessaert charge δ/Q0 was
generalised in Ref. [1]. The reason why in Ref. [2] we were able to construct the dual charge
at infinity (i.e. at the order 1/r0) by integrating the Barnich-Brandt 2-form H as in equation
(1.3) was that if one takes δg to be given by the action of the supertranslation generators,
then δ/Q˜0[ξ, g, δξg] defined in (1.3) vanishes on-shell. However, beyond the leading order,
and including the SL(2,C) part of the BMS group, it was established in Ref. [2] that the
corresponding variations of the subleading terms in the 1/r expansion of the integral of
H do not vanish on-shell, and thus one does not get bona fide subleading charges by this
means.
The question that we shall now address here is how does one generalise the dual charge
(1.3) to the full BMS group and to subleading orders in a 1/r expansion away from null
infinity? Such a construction should provide an answer to the question raised by the results
of Ref. [1], i.e. it should presumably explain how the other five imaginary parts of the NP
charges come about.
We shall construct a tower of bona fide dual gravitational BMS charges as a 1/r expan-
sion away from null infinity, and we shall show that this does, in particular, give rise at
the order 1/r3 to the five imaginary parts of the NP charges. The tower of dual charges is
given in terms of a new 2-form H˜, such that
δ/Q˜[ξ, g, δg] = 1
8πG
∫
S
H˜[ξ, g, δg] = δ/Q˜0 + δ/Q˜1
r
+
δ/Q˜2
r2
+
δ/Q˜3
r3
+ . . . . (1.4)
Crucially, we construct H˜ by requiring that the integral in (1.4) should vanish on-shell
when δg is taken to be given by the action of the BMS asymptotic symmetry genera-
tors, i.e. δ/Q˜[ξ, g,Lξg] = 0. It turns out that this condition uniquely defines H˜. Moreover,
the more general condition that the central extension must be antisymmetric [4], i.e. δ/
Q˜[ξ, g,Lζg] = −δ/Q˜[ζ, g,Lξg] is also satisfied. Furthermore, properties of the BMS group
ensure the existence of a charge algebra [4]. The 2-form H˜ that we find turns out to be
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equal to the Barnich-Brandt 2-form H only at leading order and only for supertranslations
lim
r→∞
(H˜ −H) = 0. (1.5)
Thus (1.4) gives the same leading-order result that we found in Ref. [2], but now, we are
able to extend the construction of dual gravitational charges to the full BMS group and to
all subleading orders in a 1/r expansion.
In section 2, we give some preliminary prerequisite information regarding asymptotically
flat spacetimes. For a more detailed exposition of the notations and conventions we are
using here, the reader is referred to section 2 of Ref. [1]. In section 3, we define the
dual gravitational charge corresponding to the full BMS group. We find the full dual
BMS charge at leading order in section 4 and investigate the dual charges associated with
supertranslations up to order 1/r3 in a 1/r expansion in section 5. The results of this
section are analogous to those obtained for the subleading BMS charges defined in Ref. [1].
Perhaps, most significantly, in section 5.3 we find that the dual charge at order 1/r3 gives
the imaginary parts of the NP charges, something that was missing in the analysis of Ref. [1].
We finish with some comments in section 6.
2 Preliminaries
We define asymptotically flat spacetimes as a class of spacetimes for which Bondi coordinates
(u, r, xI = {θ, φ}) may be defined, such that the metric takes the form [13,14]
ds2 = −Fe2βdu2 − 2e2βdudr + r2hIJ (dxI −CIdu)(dxJ − CJdu), (2.1)
with the metric functions satisfying the following fall-off conditions 4 at large r
F (u, r, xI ) = 1 +
F0(u, x
I)
r
+ o(r−1),
β(u, r, xI ) =
β0(u, x
I)
r2
+ o(r−2),
CI(u, r, xI ) =
CI0 (u, x
I)
r2
+
log r
r3
DJB
IJ +
CI1 (u, x
I)
r3
+ o(r−3),
hIJ(u, r, x
I ) = ωIJ +
CIJ(u, x
I)
r
+ o(r−1), (2.2)
4We require even weaker fall-off conditions for leading dual BMS charges, viz. F = 1 + o(r0) and β =
o(r−1). However, we choose fall-off conditions such that we have both dual and Barnich-Troessaert BMS
charges at leading order. In section 5, we impose stronger conditions in order to allow for NP charges.
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where DI is the standard covariant derivative associated with the unit round-sphere metric
ωIJ with coordinates x
I = {θ, φ} on the 2-sphere. BIJ and CIJ are symmetric tensors with
indices raised/lowered with the (inverse) metric on the 2-sphere. Moreover, a residual gauge
freedom allows us to require that
h = ω, (2.3)
where h ≡ det(hIJ) and ω ≡ det(ωIJ) = sin θ.
We assume, furthermore, that the components T00 and T0m of the energy-momentum
tensor in the null frame fall off as
T00 = o(r
−4), T0m = o(r
−3). (2.4)
The Einstein equation then implies that
G00 = o(r
−4) =⇒ β0 = − 1
32
C2, (2.5)
G0m = o(r
−3) =⇒ CI0 = −12DJCIJ , (2.6)
where C2 ≡ CIJCIJ .
The asymptotic symmetry group corresponding to asymptotically flat spacetimes is the
BMS group [13,14], whose corresponding algebra is generated by
ξ = f∂u + ξ
I∂I − r
2
(
DIξ
I −CIDIf
)
∂r, (2.7)
where
ξI = Y I −
∫
∞
r
dr′
e2β
r′2
hIJDJf, f = s+
u
2
DIY
I . (2.8)
The Y I are the set of conformal Killing vectors on the round unit 2-sphere, obeying
D(IYJ) =
1
2
DKY
KωIJ , (2.9)
and s(xI) is an arbitrary function that depends only on the angular coordinates and gen-
erates angle-dependent translations in the u-direction, which are called supertranslations
(ST). Thus,
BMS = SL(2,C)⋉ ST. (2.10)
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The Abelian part of the algebra, generated by the supertranslations, is
ξ = s ∂u −
∫
∞
r
dr′
e2β
r′2
hIJDJs ∂I − r
2
(
DIξ
I − CIDIs
)
∂r. (2.11)
As will become clear in what follows, it will be convenient to define twisted/dualised
objects, as follows: for some symmetric tensor XIJ , we define its trace-free twist/dual by
X˜IJ = XK
(IǫJ)K , ǫIJ =
 0 1
−1 0
 sin θ. (2.12)
If XIJ is, furthermore, trace-free, i.e. ω
IJXIJ = 0, then XK
[IǫJ ]K = 0, so X˜IJ is symmetric
without the need for explicit symmetrisation and we can simply write
X˜IJ = XK
IǫJK . (2.13)
If X and Y are two symmetric trace-free tensors, then
XIK Y˜
JK = −X˜IKY JK . (2.14)
Furthermore, if either one of the symmetric tensors X or Y is trace-free, then
XIJ Y˜
IJ = −X˜IJY IJ . (2.15)
3 Dual BMS charges
We define the dual BMS charge to be
δ/Q˜[ξ, g, δg] = 1
8πG
∫
S
H˜[ξ, g, δg] =
1
8πG
∫
S
dΩ
H˜θφ
sin θ
, (3.1)
where
H˜ =
1
2
{
ξc∇bδgac − 1
2
δgbc(∇aξc −∇cξa)
}
dxa ∧ dxb. (3.2)
This may be compared with the Barnich-Brandt 2-form H: [4]
H =
1
2
{
ξbg
cd∇aδgcd−ξb∇cδgac+ξc∇bδgac+ 1
2
gcdδgcd∇bξa+ 1
2
δgbc(∇aξc−∇cξa)
}
dxa∧dxb.
(3.3)
We found a unique expression for H˜ by parameterising the most general possible covariant
2-form, built from terms bilinear in ξ and δg and involving one covariant derivative, and de-
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termining the constant coefficients by requiring that its integral (3.1) should vanish on-shell
when δg is given by the action of an asymptotic symmetry generator, i.e. δ/Q˜[ξ, g,Lξg] = 0,
where
Lξgab = 2∇(aξb). (3.4)
(Essentially, this amounted to putting arbitrary coefficients for the terms in the expression
(3.3) of the Barnich-Brandt 2-form, and solving for them by imposing the on-shell vanishing
requirement.)
The general expression for the variation of a quantity Q is
δ/Q = δQ(int) +N , (3.5)
where δQ(int) is the integrable part, i.e. the “time derivative”, while the non-integrable term
N quantifies the flux out of the system. If δ/Q[ξ, g,Lξg] = 0 on-shell, then we have a conti-
nuity equation and hence a charge corresponding to that asymptotic symmetry generator.
This reflects the fact that an asymptotic charge is not necessarily exactly conserved, viz.
its time derivative is not necessarily zero, because of the existence of flux out of the system.
Therefore, in this context we can define a charge if the quantity satisfies the analogue of
a continuity equation, i.e. the charge changes by an amount given by the flux flowing out
of the system. In appendix A, we show that δ/Q˜[ξ, g,Lξg] = 0, giving rise to a charge
Q˜(int). Furthermore, in appendix B, we verify that δ/Q˜[ξ, g,Lζg] = −δ/Q˜[ζ, g,Lξg]. This
together with the fact that the asymptotic symmetry generators belong to the BMS group
implies that the charges defined by the asymptotic symmetry generators belong to a charge
algebra [4] 5.
In fact all the features of the new dual charges we have introduced in this paper are
precisely analogous to those one encounters for the standard BMS charges, defined from
the Barnich-Brandt 2-form. For example, at the leading 1/r0 order the variation δ/Q for the
standard BMS charges also is non-integrable in general, owing to the presence of the Bondi
news term N [3]. One identifies the integrable part δQ(int) of the variation as defining the
BMS charge Q(int) at infinity; it is conserved if the Bondi news vanishes.
5See, in particular, Theorem 4 of Ref. [4]. Note that this theorem is labelled Theorem 2 in the published
version. For earlier results on this, in the context of the canonical formalism, we refer the reader to Ref. [15].
We postpone a detailed study of the dual charge algebra to a future work.
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Regarded as a 1/r expansion away from null infinity, we have 6
δ/Q˜[ξ, g, δg] = 1
16πG
∫
S
dΩ
{
δ/I˜0 + δ/I˜1
r
+
δ/I˜2
r2
+
δ/I˜3
r3
+ o(r−3)
}
. (3.6)
Hence, we find a tower of dual charges, which can be viewed as the charges dual to the
BMS charges found in Ref. [1]
δ/Q[ξ, g, δg] = 1
8πG
∫
S
⋆H[ξ, g, δg] =
1
16πG
∫
S
dΩ
{
δ/I0+ δ/I1
r
+
δ/I2
r2
+
δ/I3
r3
+o(r−3)
}
. (3.7)
In particular, as we shall demonstrate in section 5.4, I˜3 gives the five complementary NP
charges [9] that were missing in the analysis of Ref. [1].
We proceed to describe the leading-order dual charge for the full BMS group, before we
investigate the subleading terms, corresponding to supertranslations only, in δ/Q˜ in the 1/r
expansion given in equation (3.6).
4 Leading-order dual charges
In this section we derive the leading-order dual BMS charges. These charges ought to be
viewed as duals of the Barnich-Troessaert charges found in Ref. [3]. The dual charge as
defined in Ref. [2] by taking the integral of the Barnich-Brandt 2-form H (as opposed to
the integral of its Hodge dual) cannot incorporate the SL(2,C) part of the BMS group.
However, the dual charge defined in section 3 gives a charge for the full BMS group, as
argued for in appendix A.
Using the definition of the asymptotic symmetry generator, given by equation (2.7) and
the metric coefficients defined in equations (2.2), it is relatively simple to show that
H˜θφ
sin θ
=
1
2
ǫIJHIJ
=
1
2
ǫIJ
[
ξc∇JδgIc − 1
2
δgJc(∇Iξc −∇cξI)
]
=
1
2
ǫIJ
[
r
(
Y KDJδCIK − 1
2
δCJK(DIY
K −DKYI)
)
+DI(fδC0J)− 1
4
DI(YJδC
2)
+DKf DIδCJK +
1
2
f∂uCIKδCJ
K +
1
2
Y LδCJKDLCI
K +
1
4
DLY
LCIKδCJ
K
+
1
2
CILδCJKD
KY L − 1
2
CKLδCJKDLYI
]
+O(1/r). (4.1)
6See footnote 3.
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Ignoring total derivatives, as these will integrate to zero, and freely integrating by parts,
the expression above simplifies to
H˜θφ
sin θ
=
1
2
ǫIJ
[
1
2
rδCJK(DIY
K +DKYI)− fDKDIδCJK + 1
2
f∂uCIKδCJ
K
+
1
4
Y LδCJ
KDLCIK − 1
4
Y LCIKDLδCJ
K
+
1
2
CILδCJKD
KY L − 1
2
CKLδCJKDLYI
]
+O(1/r)
=
1
2
[
rδC˜IJD(IYJ) − fDIDJδC˜IJ +
1
2
f∂uCIJδC˜
IJ +
1
4
Y Kδ(C˜IJDKCIJ)
+
1
2
(
CIKδC˜
JK − CJKδC˜IK
)
DJY
I
]
+O(1/r). (4.2)
Now, using equation (2.9) and the fact that δC˜IJ is trace-free implies that the order r terms
in the expression above vanish, as they should. Moreover, given that
CIKδC˜J
K =
1
2
CKLδC˜
KLωIJ − 1
4
δC2ǫIJ , (4.3)
which can simply be derived from observing that the symmetric and antisymmetric parts
of the expression on the left hand side of the above equation must be proportional to ωIJ
and ǫIJ , respectively, the expression for H˜θφ in equation (4.2) simplifies to
H˜θφ
sin θ
=
1
2
[
− fDIDJδC˜IJ + 1
2
f∂uCIJδC˜
IJ +
1
4
Y Kδ(C˜IJDKCIJ) +
1
2
DI Y˜
IδC2
]
+O(1/r),
(4.4)
where
Y˜ I = ǫIJYJ . (4.5)
In summary, we find that
δ/Q˜0 = 1
16πG
∫
S
[
δ
(
− fDIDJ C˜IJ + 1
4
Y KC˜IJDKCIJ − 1
2
Y˜ IDIC
2
)
+
1
2
f∂uCIJδC˜
IJ
]
. (4.6)
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This dual charge may be compared with the charge in [3] 7
δ/Q0 = 1
16πG
∫
S
[
δ
(
− 2fF0 + Y K
[
− 3C1K + 1
16
DKC
2
])
+
1
2
f∂uCIJδC
IJ
]
. (4.7)
5 Subleading dual charges
In the previous section, we computed the leading-order dual BMS charge for the full BMS
group. In this section, for simplicity, we restrict ourselves to the most distinctive part of
the BMS group, given by supertranslations, and compute the subleading charges. Thus,
hereafter, the generators that will be of interest are those given by equation (2.11).
Furthermore, in this section we require stronger fall-off conditions:
F (u, r, xI ) = 1 +
F0(u, x
I)
r
+
F1(u, x
I)
r2
+
F2(u, x
I)
r3
+
F3(u, x
I)
r4
+ o(r−4),
β(u, r, xI ) =
β0(u, x
I)
r2
+
β1(u, x
I)
r3
+
β2(u, x
I)
r4
+ o(r−4),
CI(u, r, xI ) =
CI0 (u, x
I)
r2
+
CI1 (u, x
I)
r3
+
CI2 (u, x
I)
r4
+
CI3 (u, x
I)
r5
+ o(r−5),
hIJ(u, r, x
I ) = ωIJ +
CIJ(u, x
I)
r
+
C2ωIJ
4r2
+
DIJ(u, x
I)
r3
+
EIJ(u, x
I)
r4
+ o(r−4). (5.1)
Further to the fall-off conditions (2.4), we require
T00 = o(r
−5), T0m = o(r
−3), (5.2)
which implies
G00 = o(r
−5) =⇒ β0 = − 1
32
C2, β1 = 0, (5.3)
G0m = o(r
−3) =⇒ CI0 = −12DJCIJ . (5.4)
These stronger fall-off conditions are needed for the existence of NP charges, whose origin
we explain in terms of subleading BMS and dual BMS charges in this section. These
conditions allow us to define charges up to order 1/r3. In order to define yet further higher
order charges we need to impose even stronger fall-off conditions.
7See equations (3.2) and (3.3) of Ref. [3] with the following translations in notation: M = −1/2F0 and
NI = −3/2CI1 .
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5.1 Dual charge at O(r0)
For the leading-order charge, the contribution of the supertranslations can be simply de-
duced from the general result (4.6) by turning off the SL(2,C) generators, i.e. the Y I ’s.
Hence, from equation (2.8), f = s and charge (4.6) reduces to
δ/I˜0 = δ
( − sDIDJ C˜IJ)+ s
2
∂uCIJδC˜
IJ . (5.5)
This agrees with the result of Ref. [2] since at the leading order, the 2-forms H and H˜
coincide
lim
r→∞
(H˜ −H) = 0. (5.6)
As emphasised in Ref. [2], the leading-order dual charge is integrable if and only if
∂uCIJ = 0, (5.7)
i.e. the Bondi news vanishes. Recall from section 3.1 of Ref. [1] that an equivalent statement
holds for the Barnich-Troessaert charge δ/I0 [3]:
δ/I0 = δ
(− 2sF0)+ s
2
∂uCIJδC
IJ . (5.8)
Moreover, as discussed in Ref. [2], the integrable parts of the two sets of charges may be
written as the real and imaginary parts of a single expression 8
Q0 = − 1
4πG
∫
dΩ s (ψ02 + σ
0∂uσ¯
0). (5.9)
More precisely (recalling that s is a real quantity),
Q0 = Q(int)0 − iQ˜(int)0 , (5.10)
where, from equations (5.8) and (5.5), respectively,
Q(int)0 =
1
16πG
∫
dΩ (−2sF0), Q˜(int)0 =
1
16πG
∫
dΩ (−sDIDJ C˜IJ). (5.11)
8See section 4 of Ref. [1] for a brief introduction to the Newman-Penrose scalars.
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5.2 Dual charge at O(r−1)
At the next order a simple, if rather tedious, calculation shows that up to total derivatives,
which will vanish under integration,
δ/I˜1 = 0. (5.12)
Recall (see section 3.2 of Ref. [1]) that assuming
T01 = o(r
−4), (5.13)
the Einstein equation implies that
δ/I1 = 0. (5.14)
More generally, without assuming equation (5.13), we may equivalently define
Q1 = − 1
8πG
∫
dΩ s (ψ12 − ð¯ψ01), (5.15)
since
ℜ(ψ12 − ð¯ψ01) = −
1
2
I1, ℑ(ψ12 − ð¯ψ01) = 0. (5.16)
5.3 Dual charge at O(r−2)
A similar long, but simple, calculation finds that
δ/I˜2 = s DIDJδ
(
− D˜IJ + 1
16
C2C˜IJ
)
+ s
(
1
2
[
∂uDIJδC˜
IJ − δDIJ∂uC˜IJ
]
− 1
16
CIJ
[
∂uC
2δC˜IJ − δC2∂uC˜IJ
]
+DI(C1JδC˜
IJ)
− 1
16
DI(DJC
2δC˜IJ)− 1
2
DI(CJKDLC
KLδC˜IJ)
)
. (5.17)
Note that this is very similar to δ/I2 (see equation (3.12) of Ref. [1]). In particular, the
integrable part of one is obtained by taking the twist of the tensor fields in the other. The
non-integrable part provides an obstruction to the conservation of the integrable charge,
and in analogy with the nomenclature adopted for the non-integrable parts of the charges
at subleading order in Ref. [1], we may describe such terms here as “twisted fake news.”
In what follows, we consider whether s can be appropriately chosen such that the twisted
fake news vanishes, leaving a conserved/integrable charge. In order to proceed, we need
to know how CIJ and DIJ transform under the action of the asymptotic symmetry group;
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these are given by equations (2.30) and (2.32) of Ref. [1], which we reproduce here for
convenience
δCIJ = s∂uCIJ +s ωIJ − 2D(IDJ)s, (5.18)
δDIJ = s∂uDIJ +
[ 1
16
C2s− 1
16
DKC2DKs− 1
2
CLMDKCKLDMs+ C
K
1 DKs
]
ωIJ
− 2C1 (IDJ)s−
1
4
CIJC
KLDKDLs− 1
8
C2DIDJs+
1
8
D(IC
2DJ)s+DKC
KLCL(IDJ)s.
(5.19)
Moreover, assuming that Tmm = o(r
−4), we have [1]
∂uDIJ =
1
8
CIJ∂uC
2 − 1
4
F0CIJ − 1
2
D(IC1 J) −
1
8
CIJDKDLC
KL
+
1
32
DIDJC
2 +
1
2
D(I(CJ)KDLC
KL)− 1
8
DIC
KLDJCKL
+
1
4
ωIJ
[
DKC
K
1 −
5
16
C2 +DMCKL
(
DKCLM − 1
4
DMCKL
)
+ C2
]
. (5.20)
In order to simplify the analysis, we begin by noting that since there is no Einstein equation
for F0, terms involving F0 in the non-integrable part of δ/I˜2, given in the second and third
lines of equation (5.17), would have to vanish independently. Using the two equations (5.19)
and (5.20), it is easy to see that
δ/I˜(non−int)2 |F0 terms = −
1
8
sF0CIJ
[
δC˜IJ − s∂uC˜IJ
]
=
1
8
sF0C˜IJ
[
δCIJ − s∂uCIJ
]
= −1
4
sF0C˜
IJDIDJs, (5.21)
where, in the second equality, we have used equation (2.15) and, in the third equality, we
have used (5.18). For arbitrary F0 and C˜
IJ (which is trace-free), the above expression
vanishes if and only if
DIDJs =
1
2
ωIJs. (5.22)
This is precisely the condition that s is an ℓ = 0 or ℓ = 1 spherical harmonic (see appendix
C of Ref. [1]), which implies in particular that
δCIJ = s∂uCIJ , δC˜IJ = s∂uC˜IJ . (5.23)
Proceeding, while taking s to satisfy equation (5.22), the non-integrable part of δ/I˜2 simplifies
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to
δ/I˜(non−int)2 =
(
C1IDJs− 1
16
DIC
2DJs− 1
2
DKC
KLCLIDJs
)
δC˜IJ
+ sDI(C1JδC˜
IJ)− 1
16
sDI(DJC
2δC˜IJ)− 1
2
sDI(CJKDLC
KLδC˜IJ), (5.24)
which clearly forms a total derivative, and thus vanishes under integration. We therefore
conclude that if s is an ℓ = 0 or ℓ = 1 spherical harmonic,
δ/I˜(non−int)2 = 0 (5.25)
and so
I˜2 = s DIDJ
(
− D˜IJ + 1
16
C2C˜IJ
)
. (5.26)
However, up to total derivatives
I˜2 = DIDJs
(
− D˜IJ + 1
16
C2C˜IJ
)
, (5.27)
and this in fact vanishes upon use of equation (5.22). This analysis is, rather remarkably,
completely analogous to that of δ/I2 in Ref. [1]: the non-integrable part can be made to
vanish if and only if s is an ℓ = 0 or ℓ = 1 spherical harmonic, in which case the integrable
charge itself turns out to be trivial.
Finally, we express the integrable parts of δ/I2 and δ/I˜2 as the real and imaginary parts,
respectively, of a single charge written in terms of Newman-Penrose scalars. Defining
Q2 = 1
24πG
∫
dΩ s ð¯2ψ00 , (5.28)
we find that this complex quantity may be written in terms of the integrable charges as
Q2 = Q(int)2 − iQ˜(int)2 , (5.29)
where
Q(int)2 =
1
16πG
∫
dΩ s DIDJ
(
−DIJ + 1
16
C2CIJ
)
,
Q˜(int)2 =
1
16πG
∫
dΩ s DIDJ
(
− D˜IJ + 1
16
C2C˜IJ
)
. (5.30)
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5.4 Dual charge at O(r−3)
Lastly, we consider the dual charge at order 1/r3. We find after some algebra that
δ/I˜3 = −s DIDJδE˜IJ
+ s
(
1
2
[
∂uEIJδC˜
IJ − δEIJ∂uC˜IJ
]
− 1
4
DK(C1ICJKδC˜
IJ)
+DI
([
CJ2 −
3
4
(
DKD
JK − CJKC1K
)− 1
64
C2DKC
JK +
1
16
CJKDKC
2
]
δC˜IJ
)
+
1
4
DK(δC˜IJDIDJK)− 5
4
DI(DJKD
KδC˜IJ) +
1
16
DK(δC˜IJCJKDIC
2)
− 5
64
[
δC˜IJDK(C2DICJK)− CJKDI(C2DKδC˜IJ )
])
. (5.31)
Assuming that T0m = o(r
−5), the Einstein equation gives an equation for CI2 , equation
(2.18) of Ref. [1]:
CI2 =
3
4
(
DJD
IJ − CIJC1 J
)
+
1
64
C2DJC
IJ − 1
16
CIJDJC
2. (5.32)
Substituting this equation into (5.31) gives
δ/I˜3 = −s DIDJδE˜IJ
+ s
(
1
2
[
∂uEIJδC˜
IJ − δEIJ∂uC˜IJ
]
− 1
4
DK(C1ICJKδC˜
IJ)
+
1
4
DK(δC˜IJDIDJK)− 5
4
DI(DJKD
KδC˜IJ) +
1
16
DK(δC˜IJCJKDIC
2)
− 5
64
[
δC˜IJDK(C2DICJK)− CJKDI(C2DKδC˜IJ)
])
. (5.33)
Comparing this dual variation with the analogous term δ/I3 given by equation (3.28) of
Ref. [1], we find that they are very similar. For the integrable parts, noting that we found
(see equation (3.42) of Ref. [1])
I(int)3 = sDIDJ
(
− EIJ + 1
2
trE ωIJ
)
, (5.34)
we see that the integrable parts are related by replacing the tensor fields in one by the twists
of the fields in the other. (Note that trE˜ = 0.)
As with δ/I3, there exist non-integrable terms also, and one may consider, as we did
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previously at order 1/r2, whether there exists some choice of the function s such that the
non-integrable part of δ/I˜3, given by the last three lines of equation (5.33), vanishes. We
turn to this consideration in what follows. The variation of EIJ under the action of a
supertranslation is given by [1]
δEIJ = s∂uEIJ +
[1
4
DKLDKDLs+
3
2
DKD
KLDLs− 5
4
CKLC1KDLs− 1
64
C2CKLDKDLs
+
3
64
(
CKLDKC
2 + 2C2DKC
KL
)
DLs
]
ωIJ +
1
2
C1 (ICJ)KD
Ks− 5
2
DK(DK(IDJ)s)
− 1
2
DKsD(IDJ)K +
5
32
DK(C2CK(IDJ)s) +
5
32
C2DKsD(ICJ)K −
1
8
CK(IDJ)C
2DKs.
(5.35)
Also, assuming that Tmm = o(r
−5), the Einstein equation implies that [1]
∂uEIJ =
1
2
DK(C1 (ICJ)K)−
1
2
DKD(IDJ)K +
5
32
DK(C2D(ICJ)K)
− 1
8
DK(CK(IDJ)C
2) +
1
2
ωIJ
[
DKL∂uCKL − 1
4
C2F0 − 1
2
CK1 D
LCKL
− CKLDKC1L + 1
2
DKDLDKL − 1
32
C2DKDLCKL +
5
32
CKLDKDLC
2
− 1
16
CKLDMC
MKDNC
NL +
3
32
CKLDKC
MNDLCMN
]
. (5.36)
Rewriting
s
[
∂uEIJδC˜
IJ − δEIJ∂uC˜IJ
]
= −
(
δEIJ − s∂uEIJ
)
δC˜IJ + δEIJ
(
δC˜IJ − s∂uC˜IJ
)
, (5.37)
δ/I˜(non−int)3 simplifies to
δ/I˜(non−int)3 =
1
4
DK
[(
−C1ICJK +DIDJK + 1
4
CJKDIC
2
)
s δC˜IJ
]
+
5
4
[
DK(DJKDIs)δC˜
IJ − sDI(DJKDKδC˜IJ)
]
+
5
64
[
sCJKDI(C
2DKδC˜IJ)−DK(C2DI [sCJK ])δC˜IJ
]
− 1
4
DKX˜IJK
(
δCIJ − s∂uCIJ
)
, (5.38)
where
X˜IJK = sC1IC˜JK − sDID˜JK − 5D˜JKDIs− 1
4
s C˜JKDIC
2 +
5
16
C2DI(sC˜JK) (5.39)
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and we have used equation (2.15). Note that the expression in the first line of equation
(5.38) is a total derivative, which will integrate to zero. Moreover, integrating by parts and
dropping total derivatives, the expressions on the second and third lines cancel. This leaves
the expression on the fourth line, which, using equation (5.18), and integrating by parts,
reduces to
δ/I˜(non−int)3 = −
1
2
X˜IJKD
K
(
DIDJs− 1
2
ωIJs
)
. (5.40)
Note that X˜IJK as defined in equation (5.39) is symmetric and trace-free in its indices
(JK). Thus, for arbitrary metric functions CI1 , CIJ and DIJ , the expression above vanishes
if and only if
DK
(
DIDJs− 1
2
ωIJs
)
= ωJK U I + ǫJK W I , (5.41)
where the vectors U I and W I can be found by multiplying the above equation by ωJK
and ǫJK , respectively. Only the symmetric part in (JK) is relevant here since X˜IJK is
symmetric in (JK). Using the fact that
[DI ,DJ ]VK = RIJK
LVL, RIJKL = ωIK ωJL − ωIL ωJK, (5.42)
we find that the trace-free, symmetric (JK) projection of the left hand side of equation
(5.41) becomes
WIJK ≡ DID(JDK)s−
1
2
ωI(JDK)s−
1
4
ωJKDIs− ωI(JDK)s+
1
2
ωJKDIs = 0. (5.43)
It is straightforward to see, by integrating the manifestly non-negative |WIJK |2 over the
2-sphere and integrating by parts, that∫
dΩ |WIJK |2 = −1
4
∫
dΩ s (+ 2)( + 6) s (5.44)
and that therefore equation (5.43) is satisfied if and only if s is an ℓ = 0, ℓ = 1 or ℓ = 2
spherical harmonic.
In summary, the non-integrable part of δ/I˜3 vanishes, in general, if and only if s is an
ℓ = 0, ℓ = 1 or ℓ = 2 spherical harmonic. In this case, δ/I˜3 is integrable, with the charge
corresponding to
I˜3 = −s DIDJ E˜IJ . (5.45)
This gives a charge that is itself trivially zero for ℓ = 0 or ℓ = 1 spherical harmonics,
since they obey DIDJ s =
1
2ωIJ  s and E˜
IJ is trace-free. Hence we obtain a non-trivial
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integrable charge if and only if s is an ℓ = 2 spherical harmonic. This complements the
result we obtained in Ref. [1], where we found that δ/I3 is integrable and gives a non-trivial
charge if and only if s is an ℓ = 2 spherical harmonic. As with previously considered
subleading charges, we may define a single charge that encapsulates the integrable parts of
δ/I3 and δ/I˜3 as its real and imaginary parts, respectively 9
Q3 = 1
48πG
∫
dΩ s ð¯2ψ10 , (5.46)
Q3 = Q(int)3 − iQ˜(int)3 , (5.47)
where
Q(int)3 =
1
16πG
∫
dΩ sDIDJ
(
− EIJ + 1
2
trE ωIJ
)
,
Q˜(int)3 =
1
16πG
∫
dΩ s
(
−DIDJ E˜IJ
)
. (5.48)
Now, choosing s to be an ℓ = 2 spherical harmonic so that the non-integrable parts of δ/I3
and δ/I˜3 vanish, from equation (5.46), we obtain a conserved charge 10
Q3|s(ℓ=2) =
1
48πG
∫
dΩ Y¯2,m ð¯
2ψ10 . (5.49)
Integrating by parts we find that this is indeed equal to the NP charges [9]
Q3|s(ℓ=2) = Q(NP ) =
1
4
√
6πG
∫
dΩ 2Y¯2,m ψ
1
0 . (5.50)
6 Discussion
In this paper, we have resolved two puzzles arising from earlier work [1,2]; we have extended
the notion of dual gravitational charges to subleading orders in a 1/r expansion away from
null infinity and found that at the order 1/r3 this, together with the subleading charges
proposed in Ref. [1], accounts for all ten of the non-linear Newman-Penrose charges.
The tower of dual gravitational charges is constructed from a new 2-form H˜ (see equation
(3.2)) and can be viewed as being dual to the BMS charges constructed from the Hodge dual
9Note that there is an unimportant factor of 1/2 typographical error in equation (3.4) of Ref. [1], which
has lead to factor of 1/2 discrepancies in some other equations, such as equation (4.29) of Ref. [1].
10Setting s = Y¯2,m is not strictly correct, because we should really be using a real basis of spherical
harmonics, since s is real. However, it is more convenient to work with a complex basis of spherical harmonics.
Clearly, this choice makes no substantive difference as we could equally think of choosing s to be the real
and imaginary parts of Y¯2,m. See [1,2] for a more extensive discussion of this point.
18
of the Barnich-Brandt 2-form H (see equation (3.3)). At the leading order, restricting to
supertranslations, the two 2-forms coincide (see equation (5.6)). However, they are different
at lower orders in a 1/r expansion away from null infinity.
The Barnich-Brandt 2-form is derived by considering the linearised Einstein equation
and defining a quantity that vanishes on-shell. The electric charge is the surface integral of a
current that is conserved upon use of Maxwell’s equation. Analogously the Barnich-Brandt
2-form defines a quantity that is the surface integral of a current that vanishes upon use of
the linearised Einstein equation and may be viewed as the analogue of the electric charge.
On the other hand, we construct the dual charges using a 2-form that is a total derivative
(see appendix A). In this sense it is analogous to a magnetic Komar charge and defines a
charge without use of the Einstein equation. However, nevertheless we obtain charges
that are non-trivial and account for the recently proposed dual gravitational charges [2],
extending them to charges associated with the full BMS group, and the imaginary parts of
the non-linear Newman-Penrose charges.
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A Boundary terms
In this section, we prove that the variation of the dual charge (3.1) vanishes, using the fact
that
δgab = 2∇(aξb). (A.1)
From the definition of the dual 2-form H˜, given in equation (3.2), and using equation (A.1)
2H˜IJ = ξ
c∇J∇Iξc + ξc∇J∇cξI +∇Jξc∇cξI
= RJIcdξ
cξd +∇J(ξc∇cξI)
= ∂J (ξ
c∇cξI), (A.2)
where we assume an antisymmetrisation in [IJ ] on the right hand side for each equality. In
the second equality we use the fact that
[∇a,∇b]Vc = RabcdVd. (A.3)
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Thus, we conclude that δ/Q˜ as defined in (3.1) vanishes.
B Further properties of H˜
In this section, we verify that
δ/Q˜[ξ, g, δg = Lζg] = −δ/Q˜[ζ, g, δg = Lξg] (B.1)
as one would expect.
Starting from equation (3.2),
H˜[ξ, g, δg] = 12
{
ξc∇b δgac − 12δgbc (∇aξc −∇cξa)
}
dxa ∧ dxb , (B.2)
we can write the first term as ∇b(ξc δgac)− δgac∇bξc, and hence we get
H˜[ξ, g, δg] = 12
{
∇b(ξc δgac) + 12δgbc (∇aξc +∇cξa)
}
dxa ∧ dxb . (B.3)
Thus we have
H˜[ξ, g, δg] = −12d(ξc δgac dxa) + 14δgbc gcd (∇aξd +∇dξa) dxa ∧ dxb . (B.4)
If we take δgbc to be a variation δζ gbc coming from a BMS generator ζ with δζ gbc =
∇bζc +∇cζb, and view (∇aξd +∇dξa) as defining a metric variation δξ gad, then we have
H˜[ξ, g, δg] = dω + 14(δξ gac) (δζ gbd) g
cd dxa ∧ dxb , (B.5)
where ω = −12d(ξc2 δ1 gac dxa).
Equation (3.1) defines δ/Q˜[ξ, g, δg] as the integral of H˜[ξ, g, δg]. Thus, we conclude that
δ/Q˜[ξ, g, δg = Lζg] = −δ/Q˜[ζ, g, δg = Lξg]. (B.6)
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